ORBIT EQUIVALENCE OF ERGODIC GROUP ACTIONS

ADRIAN IOANA

These are partial lecture notes from a topics graduate class taught at UCSD in Fall 2019.

1. Group ACTIONS, EQUIVALENCE RELATIONS AND ORBIT EQUIVALENCE

1.1. Standard spaces. A Borel space (X,Bx) is a pair consisting of a topological space X and
its o-algebra of Borel sets By. If the topology on X can be chosen to the Polish (i.e., separable,
metrizable and complete), then (X, Bx) is called a standard Borel space. For simplicity, we will
omit the o-algebra and write X instead of (X, Bx). If (X, Bx) and (Y, By) are Borel spaces, then a
map 0 : X — Y is called a Borel isomorphism if it is a bijection and 6 and §~! are Borel measurable.
Note that a Borel bijection 6 is automatically a Borel isomorphism (see |[Ke95, Corollary 15.2]).

Definition 1.1. A standard probability space is a measure space (X, Bx, ), where (X, Bx) is a
standard Borel space and p : Bx — [0,1] is a o-additive measure with u(X) = 1. For simplicity,
we will write (X, ) instead of (X, Bx, p). If (X, ) and (Y,v) are standard probability spaces, a
map 6 : X — Y is called a measure preserving (m.p.) isomorphism if it is a Borel isomorphism and
measure preserving: 0,u = v, where 0,u(A) = p(0~1(A)), for any A € By.

Example 1.2. The following are standard probability spaces:

(1) ([0,1],\), where [0, 1] is endowed with the Euclidean topology and its Lebegue measure .

(2) (G,mg), where G is a compact metrizable group and m¢ is the Haar measure of G (see
[Ha74, Chapter XII] and [F099, Chapter 11]).

(3) Let (Xy, pn), n € N, be a sequence of standard probability spaces. Endow X := [], .y Xn
with the product topology and the infinite product probability measure p := ®,enptn. This
satisfies (] [,eny An) = [lnen #n(An), for any sequence of Borel sets A, C X,, n € N
(see [Ha74, Chapter VII]). Then (X, u) is a standard probability space.

For the following results, see [Ke95, Theorems 15.6 and 17.4].
Theorem 1.3 (the isomorphism theorems). The following hold:

(1) Any uncountable standard Borel space X is Borel isomorphic to [0, 1].
(2) Any non-atomic standard probability space (X, p) is isomorphic to ([0, 1], A).

Convention 1.4. Hereafter, null sets are neglected and equality is understood almost everywhere.

1.2. Group actions. Unless specified otherwise, all groups I' that we consider are countable,
discrete and infinite, and all probability spaces (X, ) are standard. An action of a group I' on a
set X is amap I' x X — X, which we denote by (g,x) — g - x, such that g - (hx) = (gh) - x.

Definition 1.5. An action of a group I' on a probability space (X, ) is called p.m.p. (probability
measure preserving) if for all g € T, the map x — ¢ -z is an m.p. isomorphism of X, i.e., a Borel
isomorphism with u(g- A) = p(A), for all A € Bx. We denote p.m.p. actions by I' ~ (X, ).

Example 1.6. The following actions are p.m.p.:
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(1) If G is a compact metrizable group, then any subgroup I' < G acts on G by left translation:
g-x=gx, foreverygel andz € G.

This action preserves the Haar measure, m¢, and thus I' ~ (G, m¢) is a p.m.p. action.
(2) If T is a countable group and (X, u) a standard probability space, then I" acts on X I by

g @ = (Tg-13)ner, for every g € T and 2 = (xp)per € XV

This action preserves the product measure T, and the p.m.p. action I' ~ (X', u®r) is
called a Bernoulli action.

(3) The standard (matrix multiplication) action of SLy,(Z) on the n-torus T" = R"/Z"™ endowed
with the Lebesgue measure, for n > 2.

(4) If G is a Lie group and I', A < G are lattices (e.g., G = SL,(R), I' = A = SL,(Z), n > 2)
then the left translation action of I' on G/A given by g-(zA) = gz A preserves the probability
measure Mg/, obtained by pushing forward the Haar measure mg through G — G/A.

1.3. Equivalence relations. Let X be a standard Borel space. A partial isomorphism is a Borel
isomorphism 0 : A = dom(0) — B = im(f) between two Borel subsets A and B of X.

An equivalence relation R on X is called Borel if R is a Borel subset of X x X, and countable if
the R-class [z]gr = {y € X | (x,y) € R} is countable, for any x € X. We denote by

e [[R]] the set, called the full groupoid of R, of partial isomorphisms 6 : A — B such that
(x,0(x)) € R, for all z € A, and by

e [R] the group, called the full group of R, of Borel isomorphisms 6 : X — X such that
(x,0(x)) € R, for all z € X.

Definition 1.7. Let (X, 1) be a standard probability space. An equivalence relation R on (X, p) is
called countable p.m.p. (or simply, p.m.p.) if it is countable, Borel and every partial isomorphism
6 : A — B belonging to [[R]] is measure preserving: u(6(C)) = u(C), for every Borel set C' C A.

Remark 1.8. Let R be a p.m.p. equivalence relation on (X, u). Let 6y € [[R]] and denote
Ay = dom(fy) and By = im(fy). Assume that pu(Ag) > 0 and let A DO Ay, B DO By be Borel
sets such that pu(A\ Ag) = u(B \ By) = 0. Then we can find a partial isomorphism 6 : A — B
such that 6(z) = Oy(x), for almost every = € Ay. Let N C Ay be an uncountable null Borel set.
Then (A \ Ag) UN and (B \ Bp) U6fy(N) are uncountable standard Borel spaces. By Theorem
there is a Borel isomorphism 6’ : (A\ Ag) UN — (B \ By) U6by(N). Then 0 : A — B defined by
0, 40\N = Ooja0\~ and Oja\ 4g)un = 0’ satisfies the desired conditions.

Convention: Remark allows us to make the following convention: hereafter, we write that a
partial isomorphism 6 : A — B belongs to [[R]] if there is a Borel co-null subset Ay C A such that
04, belongs to [[R]], in the above sense.

Exercise 1.9. Let I' ~ (X, 1) be a p.m.p. action of a countable group on a standard probability
space. Prove that the orbit equivalence relation R(I' ~ X) :={(z,y) e X x X |-z =T-y}isa
countable p.m.p. equivalence relation.

Theorem 1.10 (Feldman-Moore, [FM77]). Any countable p.m.p. equivalence relation R is the
orbit equivalence relation, R(I' ~ X)), of a p.m.p. action of a countable group T

For a proof of this theorem, see [FM77] or [KM04, Chapter I].

Remark 1.11. A p.m.p. action I' ~ (X, p) is called free if every non-trivial element g € I"\ {e}
acts freely, in the sense that u({x € X | g-« = 2}) = 0. Furman [Fu98] found the first examples of
countable p.m.p. equivalence relations which are not orbit equivalence relation of any free action.
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1.4. Ergodicity. A p.m.p. action I' ~ (X, u) is called ergodic if any I'-invariant Borel subset
Y C X is null or co-null, i.e., u(Y) € {0,1}. A p.m.p. equivalence relation R on (X, u) is called
ergodic if any R-invariant Borel subset Y C X is null or co-null.

Remark 1.12. A p.m.p. action I' ~ (X, p) is ergodic iff R(I' ~ X)) is ergodic.

Exercise 1.13. Let I' ~ (X, p) be an ergodic p.m.p. action of a countable group I' on a standard
probability space (X, pu). Let Y C X be a Borel set such that u(g - YAY) = 0, for every g € T.
Prove that Y is null or co-null.

Exercise 1.14. Let I" be a countable dense subgroup of a compact metrizable group G. Prove
that the left translation action I' ~ (G, m¢) is free and ergodic.

Exercise 1.15. Let I" be a countable group and (X, ) be a standard probability space with more

than one point. Prove that the Bernoulli action I' ~ (X, u®r) is free and ergodic. Moreover,

prove that this action is mizing: lim pu(g- AN B) = u(A)u(B), for any Borel sets A, B ¢ X'
g—00

Lemma 1.16. Let R be an ergodic p.m.p. equivalence relation on (X, u). Let A, B C X be Borel
sets with p(A) = p(B) > 0. Then there exists 6 € [R] such that 6(A) = B.

Proof. We first prove that there is ¢ € [[R]] such that dom(#’) = A and im(#') = B. Since
w(X\A) = u(X\B), we can thus also find 8” € [[R]] such that dom(#”) = X\ A and im(§") = X\ B.
Then 6 : X — X given by 64 = 0’ and 0|x\ 4 = 6" defines an element of [R] such that §(A) = B.

To prove the above assertion, we first apply Theorem and Remark to find an ergodic
p.m.p. action I' ~ (X, ) of a countable group I such that R = R(I' ~ X). We define F to be the
set of subsets G of [[R]] with the property that {dom(#)}¢cg are pairwise disjoint non-null subsets
of A and {im(0)}pcg are pairwise disjoint non-null subsets of B.

We claim that F is non-empty. Since I' acts ergodically, the I'-invariant non-null set Uger(g - A)
must be co-null in X. Thus, p(Uger(g- ANB)) = u(B) > 0, hence pu(g- ANB) > 0, for some g € T".
Define p: ANg™'- B — g- AN B by letting p(x) = g-x. Then p € [[R]] and since dom(p) C A and
im(p) C B are non-null sets, we get that {p} € F, and thus F # (.

Next, we order F by inclusion: G < G ifft G C G'. If {G;}icr C F is a totally ordered family (i.e.,
such that G; < G; or G; < G;, for every i,j € I), then U;c;G; € F is an upper bound for {G; }icr.
By Zorn’s lemma we conclude that there exists a maximal element G € F.

Since {dom(#) }gcg are pairwise disjoint non-null Borel subsets of A and p(A) < 1, it follows that G is
countable. Enumerate G = {6,,}_,, where N € NU {00}, and denote A,, = dom(6,,), B,, = im(6,,),
for every n. Define Ag = UM_;A,, and By = UY_, B,,. Since 6,, € [[R]] and 6,,(A,) = B,, we get
that ji(A0) = N, j(An) = 2, ju(Ba) = (Bo), and thus u(A\ Ao) = (B \ Bo).

We claim that pu(A\ Ag) = u(B\ By) = 0. Otherwise, if u(A\ Ag) = u(B\ By) > 0, by repeating
the argument from above, we can find p € [[R]] such that dom(p) C A\ Ap and im(p) C B\ By are
non-null sets. But then it is clear that G U {p} € F, which contradicts the maximality of G.

Finally, we define 6’ : Ay — By by letting 0'(z) = 6,(z), if x € A,. Then ¢ € [[R]] and
dom(#') = Ap and im(#") = By. By Remark |1.8| this implies the assertion, and the conclusion. W

Exercise 1.17. Let R be a countable p.m.p. equivalence relation on a standard probability space.
Let ¢ € [[R]] and denote A = dom(#) and B = im(6). Prove that there is € [R] such that 64 = 6.
Suggestion: Prove that for almost every x € B\ A, there exists n := n(z) € N such that we have
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0~ (x),...07" D € ANB and 6~ "(z) € A\ B. Define

0(z), if v € A,
0(z) = 0@ (x), if 2 € B\ A, and
z, ifre X\ (AUB).

Definition 1.18. Let R be a p.m.p. equivalence relation on a standard probabilty space (X, u)
and let A C X be a non-null Borel set. Endow A with the o-algebra of Borel subsets of X which
are contained in A, and the probability measure pa(Y) = u(Y)/u(A), for every Borel set Y C A.
Note that (A, 4) is a standard probability space (see [Ke95| Section 13]). The restriction of R to
A is defined by R|A:=R N (A x A).

Exercise 1.19. Prove that

(1) R|A is a countable p.m.p. equivalence relation on (A, 14).
(2) If R is ergodic, then R|A is ergodic.

1.5. Orbit equivalence. Two p.m.p. equivalence relations R and S on standard probability
spaces (X, u) and (Y, v) are isomorphic to S if there is a m.p. isomorphism 6 : X — Y such that
0([x]r) = [0(z)]s, for almost every = € X.

Definition 1.20. Two p.m.p. actions I' ~ (X, ) and A ~ (Y, v) of countable groups I" and A
are orbit equivalent if their orbit equivalence relations are isomorphic. In other words, there is a
m.p. isomorphism 6 : X — Y such that (T - ) = A - 0(x), for almost every = € X. The actions
I ~ (X,u) and A ~ (Y,v) are conjugate if there are a group isomorphism § : I' — A and a m.p.
isomorphism 6 : X — Y such that 0(g - x) = d(g) - 0(z), for all g € T and almost every = € X.

Orbit equivalence is a much coarser notion of equivalence for p.m.p. actions than conjugacy, as
illustrated by the three exercises below and the results of the following two sections.

The first exercise gives examples of actions of non-isomorphic groups which are orbit equivalent.

Exercise 1.21. Let (X,u) = ({0,1},v®%), where v is the probability measure on {0,1} given
by v({0}) = v({1}) = 1/2. Let I' = ®,enZ/2Z and the p.m.p. action I' ~ (X, pu) given by
(9n) - (xn) = (yn), where y,, = gp + =, (mod 2). In other words, the n-th copy of Z/2Z flips the
n-th coordinate in X. Let T': X — X be the m.p. isomorphism (called an odometer) given by
adding 1 to the left of an infinite sequence of 0’s and 1’s. If z = (z,) € X has 1 = ... = a3 =1
and zp11 = 0, then T'(z) = (yn), where y3 = ... =y = 0, yg41 = 1 and y, = =, for n > k + 1.
Consider the p.m.p. action Z ~ (X, i), where the generator of Z acts through T: n -z = T"(z).

Prove that the actions I' ~ (X, 1) and Z ~ (X, p) have almost the same orbits.

The second exercise shows that conjugacy of left translation actions is very restrictive.

Exercise 1.22. Let I' and A be countable dense subgroups of compact metrizable groups G and
H. Denote by p:= mg and v := mpy the Haar measures of G and H. Assume ¢ : I' — A is a group
isomorphism and 0 : G — H is a Borel map such that 6(gx) = §(g)f(x), for almost every x € G.

(1) If k € G, prove that there is w(k) € H such that §(zk) = 0(x)n(k), for almost every z € G.

(2) Prove that 7 : G — H is a homomorphism.

(3) Prove that there exists h € H such that 0(x) = hm(x), for almost every z € G.

(4) Prove that 6(g) = hm(g)h™!, for every g € T.

(5) Prove that 7 : G — H is a continuous group isomorophism.

(6) Deduce that the left translation actions I' ~ (G, ) and A ~ (Y,v) are conjugate if and
only if there is a continuous group isomorphism 0 : G — H such that (") = A.
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Suggestion for (1). Define 6, : G — H by letting 0;,(z) = 0(x)~16(zk). Note that 6y, is invariant
under the left translation action I' ~ (G, i), and apply Lemma (which we will prove later)
Suggestion for (3). Note that 6(zk) = 0(z)w(k), for almost every (z,k) € G x G, and apply
Fubini’s theorem.

The third exercise gives examples of non-conjugate actions of Z. These actions are orbit equivalent
as a consequence of Dye’s theorem

Exercise 1.23. Let T = {z € C | |z| = 1} be the group of complex numbers of modulus 1 endowed
with the topology induced from C. Then T is a compact metrizable groups. Denote by A its Haar
measure (which coincides with the normalized Lebesgue measure). Let o € R\ 7Q be an irrational
multiple of 7. Then the map n — exp(ina) gives a dense embedding of Z into T. We denote by
0o the associated left translation action Z ~ (T, ), called the irrational rotation by angle a, i.e.,

n -z = exp(ina)z.

(1) Prove that if § : T — T is a continuous group isomorphism, then §(z) = z, for every z € T,
or §(z) =1/z, for every z € T.

(2) Let o, € R\ mQ. Prove that o, is conjugate to og if and only if exp(ia) = exp(i3) or
exp(ia) = 1/ exp(if). (This proves a result due to Halmos and von Neumann [HvN42]).

2. DYE’S THEOREM AND HYPERFINITENESS

Theorem 2.1 (Dye, |[Dy59]). Any two ergodic p.m.p. actions of Z on a non-atomic standard
probability space are orbit equivalent.

Definition 2.2. A p.m.p. equivalence relation R on a standard probability space (X, u) is called

(1) finite if [z]g is finite, for almost every x € X

(2) of type I, for some n € N, if [z]g has exactly n elements, for almost every = € X, and

(3) hyperfinite if there are a co-null set Y C X and an increasing sequence Ry C Ry C ... of
finite p.m.p. subequivalence relations of R|Y such that R|Y = UgenRy.

Theorem 2.3 (Dye, [Dy59]). Any two ergodic hyperfinite p.m.p. equivalence relations on a non-
atomic standard probability space are orbit equivalent.

Proof of Theorem assuming Theorem Let Z ~ (X, ) be an ergodic p.m.p. action.
By Theorem in order to get the conclusion, it suffices to argue that R := R(Z ~ X) is
hyperfinite. This a consequence of the so-called Rokhlin’s lemma (see [KMO04, Section 7]). We
provide a short, alternative argument. To this end, denote by 7" : X — X the m.p. isomorphism
corresponding to a generator of Z. Then T is ergodic and R = {(z,T"z) | z € X,n € Z}.

Let X1 C X2 C ... be an increasing sequence of Borel subsets of X with u(X3) = 1 — 1/k.
We claim that the set Y, = {z € X} | T"z € X}, for every n > 0} is null. Since T'(Yy) C Y,
w(T(Yy)) = p(Yyr) < 1 and T is ergodic, Exercise implies that Yy is null. Similarly, the set
Zy ={x € Xy | T"x € X, for every n < 0} is null.

Let Sy be the equivalence relation on X defined as follows: (x,y) € Sk iff there is n > 0 such that
T'z =yand z, Tz, T?x, ..., T"x € X}, orn < 0such that 7"z =y and =, T 'z, T %z, ..., T"x € X,.
Then S, C Sk41 and the restriction of Si, to Xy \ (Yi U Zg) is a finite equivalence relation. Thus, if

Rk :SkU{(.TJ,JI) ’ T € X\Xk}v
then Ry C Rii1 C R, and the restriction of Ry to X \ (Y U Zg) is a finite equivalence relation.
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Finally, note that if k,m € N, then p(N™_ T7X}) > 1— (2m + 1)/k. Thus, the set

W= (U %)

meN  keN i=—-m
is co-null in X. Moreover, R|W = UrenRi|W. Thus, V.= W \ (Ugen(Yr U Zi)) is co-null in X,
Ri|V is a finite equivalence relation, and R|V = UgenRi|V. This proves that R is hyperfinite.

In preparation for the proof of Theorem [2.3] we introduce the following definitions:

Definition 2.4. A fundamental domain for a p.m.p equivalence relation R on (X, u) is a Borel
set Y C X that intersects almost every R-class in exactly one point. An array for R is a set
{X1,¢1,...on} consisting of a Borel set X; C X of measure 1/n and partial m.p. isomorphisms
@i+ X1 — ¢;(X1) such that 1 = Idx,, {¢:(X1)}~, is a partition of X, and almost every R-class
is equal to {p;(z)}", for some = € X7 (see [KMO4] and the references therein).

Exercise 2.5. Prove that the following hold for an p.m.p. equivalence relation R on (X, u):

(1) R is finite iff it admits a fundamental domain.
(2) R is of type I,, iff it admits an array {X1, @1, ..., Pn}-
(3) R is of type L, iff it is the orbit equivalence relation of a free p.m.p. action Z/nZ ~ (X, ).

Exercise 2.6. Let R and S be p.m.p. equivalence relations of types I,, and I,,, on (X, p) such that
R C 8. Let X C X be a fundamental domain for R. Prove that n | m and §|X is of type L, ..

Assumption. For the rest of this section, R is an ergodic p.m.p. equivalence relation on (X, p).

Definition 2.7. Let S, 7 be subequivalence relations of R. We write S C. T (and say that S is
e-contained in T) for € > 0 if there is a Borel set Y C X such that S|Y C T|Y and p(X \Y) <e.

The proof of Theorem [2.3] relies on several lemmas.

Lemma 2.8. Let R1 C Ro C ... be a sequence of subequivalence relations of R with R = UgenRe-
Then for every finite subequivalence relation S C 'R and € > 0, there is k € N such that S C. Ry.

Exercise 2.9. Prove Lemma

Lemma 2.10. Let S C R be a finite subequivalence relation and 6 > 0. Then there is a subequiv-
alence relation T C R of type Ly, for some k € N, such that S Cs5 T .

Proof. We prove the lemma when S is of type Iy, for some d € N, and leave the general case as an
exercise. In this case, by Exercise S admits an array {X1, @1, ..., 04}

Let Y7 C X be a Borel set such that u(Y;) = m/2*, for some m,k € N, and pu(X; \ Y1) < 6/d.
Partition Y7 = UjZ, Z; into Borel sets of measure 1/2%. Let Y = 1%, 0;(Y1). Then u(Y) = dm/2F,
hence p(X \ Y) = (2% — dm)/2*. Partition X \ Y = l_lfil_diVl into Borel sets of measure 1/2".

Let ¢y = Idz,. By Lemma for every 2 < j <mand 1 <1 < 2"—dm, we can find ¢, p; € [[R]]
such that dom(v;) = dom(p;) = Z1, im(v)j) = Z; and im(p;) = W;. Let T C R be the equivalence

relation whose classes are the sets {¢;(¢j(z)) |1 <i<d,1<j<m}U{p(z)|1<1<2%—dm}
with € Z;. Then T is of type Iyx and S|Y C T|Y. Since pu(X \Y) < 6, this proves the lemma. B

Lemma 2.11. Let S and S be finite subequivalence relations of R. Assume that S is of type 1,
and S C. S, for somen € N and € > 0. Then there is a subequivalence relation T C R such that

(1) T is of type 1,,.9x, for some k € N,
(2) SCT, and
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(3) 8 CneT.

Proof. Let Y C X be a Borel set such that S|Y € S|Y and u(X \ V) < e. Since S is of type L,
we can write S = R(Z/nZ ~ X) by Exercise Then Z = Ngez/mz(g - Y) is S-invariant and
(X \ Z) <n-e. Thus, S|Z is of type I,,, hence by Exercise [2.5]it admits an array {Z1, ¢1, ..., n }-

Let 6 > 0 such that (X \ Z)4+n -8 < n-e. Since S|Z; C R|Z) is a finite subequivalence relation
and R|Z; is ergodic, by Lemma there is a subequivalence relation 7y C R|Z; of type Iy, for

some k € N, and a Borel set Wy C Z; such that g’\Wl C To|Wh and p(Z; \ Wh) < 4.
Let 71 C R|Z be the subequivalence relation whose classes are the sets U7, p;([x]7;) with = € Z;.

Then 7y is a equivalence relation of type I+ which contains S|Z. Since S |W1 C To|Wi, we also
get that S|W C T1|W, where W := L' ;¢;(W1) C Z.

Finally, since Z is S-invariant, we have that S|(X \ Z) is of type I,. Since R is ergodic, we
can find a subequivalence relation 75 C R|(X \ Z) of type I+ which contains S|(X \ Z). Then
T := T1 U7z is a subequivalence of R of type I, o1 which contains S. Moreover, S|W C T|W. Since
WZ\W)=mn-u(Z;\ Wi) <n-6, we get that

X AW) = u(X\ Z) + p(Z\W) < p(X\ Z)+n-G<n-e

and the conclusion follows. |

Next, we show that the equivalence relation 7 from Lemma [2.11| can be chosen to have a certain
additional property. Let S C T be p.m.p. equivalence relations of type I, and I, on (X, u). Let
A ={X1,pi} be an array for S. A Borel set Z C X is e-contained in A if p(ZA(Uierpi(X1)) < g,
for some F' C {1,..,n}. An array A’ for T refines A if there is an array B = {Y7,;} for T|X; such
that A" = {Y1, p; o 1p;}. We write A' = AV B.

Lemma 2.12. Let T C R be a subequivalence relation of type I, with an array A = {X1, 1, ..., n}-

Let Z C X be a Borel set and § > 0. Then there are an equivalence relation T C T C R of type
Ly.om, for m >0, and an array B = {Y1,9¥1, ..., ¢¥n.om} for T which refines A and §-contains Z.

Proof. For every large enough m, we can find a partition X; = '—]52:1X1,l into Borel sets of measure
w(X1)/2™ = 1/(n-2™) and sets S; C {1,2,...,2™} such that u(p; *(Z N X;)A(Ujes, X11)) < 3/n,
for every 1 < i < n. Thus, we have

(2.1) 1((Z N X)) A(Uges, pi(X1,))) < 8/n, for every 1 < i <n.

Since R|X is ergodic, Lemma m gives a subequivalence 7' C R|X; of type Iom with an array

{X1,1,%1, ..., Yom } satisfying ¢ (X1,1) = Xy, forall 1 <1 < 2™. Let T be the type I,,.om equivalence

relation with B = {X11,; 0y} as an array. Then 7 C T, B refines A, and (2.1)) implies that
1(ZA(Ur<i<nies,pi(X11))) <6,

which finishes the proof. [ ]

Proof of Theorem After replacing R with a co-null subset, we can find an increasing
sequence R1 C Ro C ... of finite subequivalence relations of R such that R = UgenRg. Since X
is a standard Borel space, we can find sequence of Borel subsets {Y,, },en which separate points in
X, and in which every Y,, repeats infinitely many times.

Claim 2.13. There is an increasing sequence S; C So C ... of subequivalence relations of R and
arrays A, for S, such that for all n € N

(1) Rn C1/2n STU
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(2) S, is of type Iya,, for some d,, € N,
(3) A, refines A,,_1 (where 4y = {X,Idx}), and
(4) Y, is 1/2"-contained in A,,.

Proof of Claim[2.13 We proceed by induction on n.

By Lemma [2.10] there is an equivalence relation 7y of type Iy, such that Ry Cy/p 71. By Lemma
we can find an equivalence relation 7; C Sy of type ILyq,, for di > k1, and an array A; for S;
which 1/2-contains Y;. This proves the case n = 1.

Next, given Sy, ...,S,-1, A1, ..., An_1, for some n > 2, let us construct S,,.A,. First, by applying
Lemma [2.8| we can find k,, > n such that S,,_1 Cy jgntdnt Rk, - Second, since Sy, is of type Lya,_;,

by applying Lemma (with ¢ = 1/27+% 1) we can find a subequivalence relation 7,, C R of
type Igk,, for some ky, > dp—1, such that S,—1 C 7, and Ry, Cyjon Tn. Let By, be an array of Ty,
which refines A,_;. Third, Lemma [2.12] gives a subequivalence relation S, C R of type Lya,, for
some d,, > ky, such that 7, C S,, and an array A,, for 7, which refines B,, and 1/2"-contains Y.
Then A, also refines A,,—1. As k, > n, we have R;, C Ry,, Cyi/2n Tn C Sp, and thus condition (1)
holds. This proves the inductive step. O

Next, since R = UpenRp, condition (1) from Claim (1) implies that R|Y = U,enSy|Y, for a co-null
subset Y C X. Thus, after replacing X with Y, we may assume that R = U,enSn.

In the rest of the proof, we follow the exposition from the proof of [KM04, Theorem 7.13]. Write
A ={X1,011,..., ©1.941 }. Since Ay, refines A, 1, we can find an array B,, = { Xy, ©n,1, .+, 0, gdn—dy_1 }
for S;| X1 such that A, = A,_1V B, for every n > 2. Put dy = 0. Then we have

An = { X0, ©1hy © P2ky © e 0 P, 1 < iy < 2%7%-11 < j < n}.

Welet X (k1, ..., kn) = (91,5002 ky0--0Pn k, ) (Xn), for every n € Nand (k1, ..., kn) € [[1<;<p {1, ) 2di—di—1},
Then we have

(2.2) X(k‘l, ey ko, kn—H) C X(kl, ey k‘n) and X = ukl,...,an(k17 ey kn).

For m € N, let u,, be the uniform probability measure on {1,...,m}. Define a p.m.p equivalence
relation S on

(Y, I/) = H ({1, . 2d”7d"_1}, /L2dn—dn,1)

neN
by
(kn)S(ln) <= there is N € N such that k,, =, for all n > N.

By (2.2)), if x € X, then there is a sequence (k,) € Y such that z € X (k1, ..., ky), for every n € N.
We define 6 : X — Y by letting 0(z) = (ky).

Claim 2.14. 6 is Borel, measure preserving and 1-1 on a co-null R-invariant Borel set Xo C X.

Proof of Claim . For n € Nand (ki,....kn) € [[1<;<, {1 -, 2di=di-1} " consider the cylinder set
C(kiy .y kn) ={(li) €Y | li = ki, for all i < n}.
Then 0~Y(C(k1,...,kn)) = X (K1, ..., kn). Since X, is a fundamental domain for S,, we have
(X (K1, k) = (X)) = 1/2% = 0(C(ky, ..., kn)).

This implies that 6 is Borel and measure preserving.
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Now, by condition (4) from Claim for every n € N, we can find a set Y,, C X which is a finite
union of sets of the form X (k1, ..., ky) such that pu(Y,AY,) < 1/2". Then

N=) U o)
meNn>m

is a null Borel set and the restriction of 6 to X \ N is 1-1. To see this, let z # 2/ € X \ N. Then
there is m € N, such that z,2’ & (Y,)AY,), for any n > m. Let n > m such that Y,, separates x
and 2’. Then it follows that Y, separates 2 and z’, which implies that 6(z) # 6(z').

By Theorem we can write R = R(I' ~ X)), for a countable group I'. Then X := Ngerg-(X\N)
is a co-null, R-invariant subset of X on which 0 is 1-1. Il

Claim 2.15. For all z,2' € X, we have that (z,2') € R < (6(z),0(2')) € S.

Proof of Claim [2.15 Let z,2’ € X such that (z,2') € R, and write §(z) = (k) and 0(z) = (k).
Then there is n € N such that (z,2) € S,,. Since X, is a fundamental domain for S, we can find
y € Xy, such that = (P14, © - © Yk, )(y) and 2’ = (9147 © ... © P gy )(y). Consider the unique
element k € {1,...,29+179} such that y € ¢y11%(Xnt1). Then kny1 = k.1 = k. By induction
on m, we derive that k,, =k, for all m > n, which implies that (0(x),0(z")) € S.

Let x,2’ € Xy such that (0(z),0(z')) € S. Thus, if 0(x) = (k,) and 6(z') = (k],), there is m € N
such that k, = kj,, for all n > m. Let y € X,, such that x = (p14, ©.... © @i k,.)(y), and put
a" = (141 © e 0 Oy, )(y). Then 0(a") = (ky,) = 0(2'). Since (z,2") € R and X is R-invariant,
we get that 2/ € Xy. Since 2’ € X and 6 is 1-1 on Xy, we get that 2’ = 2, hence (z,2') € R. O

Finally, Claims and imply that R is isomorphic to S§. Since S is isomorphic to the
equivalence relation on ({1,2}Y, u3™) defined by the same formula as S, the conclusion follows. W

3. AMENABILITY

3.1. Amenable groups. A countable group I is called amenable if there exists a linear functional
¢ : £°(T") — C which is unital (p(1x) = 1), positive (p(f) > 0, for every f € £°(T"), f > 0) and
left translation invariant: ¢(g- f) = @(f), for all g € T and f € £>°(T'), where (g- f)(h) = f(g*h).

Exercise 3.1. Let I be a set and ¢ : £°°(I) — C be a unital positive linear functional. Prove that
[P (N < 1S lloo, for every f e £(I).

Exercise 3.2. Let I" be a countable group and denote by P(I") the collection of all subsets of T'.
Prove that I' is amenable if and only if there exists a finitely additive measure m : P(I') — [0, 1]
such that m(I') = 1 and m(gA) = m(A), for every g € I and A C T', where gA := {gz | x € A}.

Example 3.3. Every finite group I is amenable, as witnessed by the functional (f) = |T'|~! der f(g).

In order to give examples of infinite amenable groups, we need to recall the following:

Definition 3.4. A free ultrafilter on N is a unital homomorphism w : £°°(N) — C which is not the
evaluation e, at any n € N given by e, (f) = f(n).

Remark 3.5. To see that free ultrafilters on N exist, let K,, C ¢*°(N)* be the weak* closure
of {ex | & > n}. Then K, is weak*-compact by Alaoglu’s theorem (see [Fo99, Theorem 5.18])
and K,11 C K,, for all n. Thus, N, K, # 0. If w € N,K,, then w : {*(N) — C is a unital
homomorphism. Moreover, if n € N, then w € K,,, thus w(d,) = 0 and hence w # e,.

Notation. For a free ultrafilter w on N, we denote lim,,_,,, z,, := w((zn)n), for every (z,,)n € £>°(N).
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Exercise 3.6. Prove that if w is a free ultrafilter on N and lim,, o, x, = 0, then lim,, ,, x,, = 0.
Examples 3.7. (of amenable groups) Let w be a free ultrafilter on N.

(1) f ' = U,I'y, where I';; < T are amenable subgroups and I';, C I'y41, for all n, then T is
amenable. Let ¢, : £°°(T";,) — C be a unital, positive, left invariant linear functional. Define
@ : () — C by ¢(f) = limpw pn(fir,). Then ¢ is a left invariant state. Indeed, if
g €T, then g € I'y, for some N. Thus, if f € £>°(T'), then (g-f)r, = g-(fir,,), foralln > N.

Hence by Exercise we get o(g - f) = limpu o @n(g - (fr,)) = imyw en(fir,) = ©(f)-

In particular, any increasing union of finite groups is amenable.

(2) Z is amenable. To see this, let F,, = {—n,—n+1,...,—1,0,1,...,n — 1,n}. Then for any
g € Z we have |(g + Fy) \ Fn| < 2|g| and thus lim, o |[(g + Fn) \ Ful|/|Fn| = 0. Define
@ : £°(Z) — C by letting ¢(f) = limy 5w (1/[Fnl) X e, f(2). For every g € Z, we have

(g ) — e = m (1/|EN(Y fla—g)— 3 f(a)]

zeF, zelF,
< | flloo lim [(F — g)AF,|/|Fu] = 0.
n—w

Exercise 3.8. Prove that if ' and A are countable amenable groups, then the direct product I x A
is an amenable group. Prove that any countable abelian group is amenable.

Theorem 3.9. Let I' be a countable group. Then the following conditions are equivalent:

(1) T is amenable.

(2) T satisfies the Reiter condition: there exists a sequence of non-negative functions
fn € LX) such that ||fulli = 1, for alln, and limy, o0 ||g* fn — full1 =0, for all g € T.

(3) T satisfies the Folner condition: there exists a sequence of finite subsets F,, C I" such that
limy, o0 |gFn \ Ful/|Fn| =0, for all g € T.

The proof of this result relies on two very useful tricks, due to Day (the proof of (1) = (2)) and
Namioka (the proof of (2) = (3)). Namioka’s trick uses the following useful identity:

Exercise 3.10. Let (S, v) be a standard measure space (e.g., let (S, v) a standard probability space
or a countable set with its counting measure). Prove that if f1, fo € L'(S,v) and fi, f > 0, then

o
Hﬁ—hth 1oy — Lo .

Proof of Theorem . Enumerate I' = {g,, }n>1.
(1) = (2) Fix n > 1 and consider the convex subset

C:= {(glf_faQQf_fvvgnf_f) ’ feel(r)7f207HfH1 :1}
of the Banach space £(I)®" with the norm |[(fi, fz, - fu)ll = S0 il

We claim that 0 = (0,0,...,0) € ol Assuming this claim, we can find f,, € ¢}(T) such that
fo=0,Ifnlh =1 and >0 |lgi - fn — fulli < 1/n. This clearly implies (2).

If the claim were false, then since Ol C ¢! (I'® is a closed convex set and (¢£1(I')®n)* = ¢°°(I")®n
the Hahn-Banach separation theorem (see, e.g., |[Ru91, Theorem 3.4]) implies the existence of
Fi, Fy,...,F, € £°°(T) and « > 0 such that > ®(g; - f — f, F}) > «, for any f € ¢}(T') with f >0
and || f]|1 = 1.

If weput F = Y7 R(g; ' F;— F;), then the last inequality rewrites as (f, F) > a, for any f € ¢}(T)
with f > 0 and ||f|l1 = 1. For f = d,, this implies that F(g) > a, for all g € I'. Thus, we get that
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@(F) > p(a-1) = a > 0. On the other hand, p(F) = 31" (p(R(g; ' - F})) — ¢(RF;)) = 0. This
gives the desired contradiction.
(2) = (3) If f1, fo € /1(T") and f1, fo > 0, then Exercise gives that

o0

(3.1) 11— fall = /0 Lo — Lipsglhdt and | fafls = /0 11yt

By (2), for any n > 1 we can find f € £1(T') such that f >0, ||f|l; = L and Y, |lgi- f — fll1 < 1/n.
For t > 0, let Ky = {f > t}. Since f € ¢}(I'), we get that K is a finite subset of I'. Also, note that
{g-f >t} = gK; and thus that |14 r> — 1>l = [gKGAK, for all g € T'. Thus, by combining
the last inequality with , we derive that

/OOZ gi Ky — Kildt < 1/n = 1/n||f]l = /OO(]Kt|/n)dt.
(I 0

Hence, there is ¢, > 0 such that F, := K, satisfies Y ;" | [¢;F,AF,| < |F,|/n. This proves (3).
(3) = (1) Let w be a free ultrafilter on N. Define ¢ : £>°(T") — C by letting

Then as in the proof of Examples (2), it follows that I is amenable. |

Proposition 3.11. Fy is not amenable.

Proof. Assume by contradiction that there exists a unital, positive, left translation invariant linear
functional ¢ : £*°(Fy) — C. Define m : P(F2) — [0,1] my m(A) = ¢(14). Then m is finitely
additive (m(AUB) = m(A)+m(B), for every disjoint A, B C [F3) and left invariant (m(gA) = m(A),
for every g € Fy and A C Fy).

Let a and b be the free generators of Fy. Let S be the set of elements of o whose reduced form
begins with a non-zero power of a, and put T = F2\ S. Then aT C S, bSUb?S C T and bSNH*S = (.
Thus, we get m(S) > m(aT) = m(T) > m(bS U b2S) = m(bS) + m(b%S) = 2m(S). This implies
that m(S) = m(T) = 0. Since m(S) +m(T) = m(F2) = 1, this provides a contradiction. [ ]

Exercise 3.12. Let I'y and I's be any countable groups such that [I'1| > 1 and |I's] > 2. Prove
that the free product group I' = I'y * I's is not amenable.

Proposition [3.11] implies that any countable group which contains o as subgroup is non-amenable.
Whether the converse is true, i.e., whether every countable non-amenable group contains Fo, became
known as von Neumann’s problem. This was settled, in the negative, by Olshanskii in 1980, who
proved that every large enough prime p (p > 107°), there are Tarski monster p-groups (i.e., groups
whose only proper non-trivial subgroup is the cyclic group with p elements) which are not amenable.

Nevertheless, the following measurable version of von Neumann’s problem has a positive answer:

Theorem 3.13 (Gaboriau and Lyons, [GL07]). Let I' be a countable non-amenable group. Then
there is a free ergodic p.m.p. actionT ~ (X, p) (for instance, the Bernoulli actionT' ~ ([0,1]", Leb"))
and a free ergodic p.m.p. action Fy ~ (X, p) such that

R(Fy ~X) C R(I ~ X).

Conversely, if R(F2 ~ X) € R(I' ~ X), for some free p.m.p. actions Fo,I' ~ (X, u), then T is
non-amenable (see Exercises and |3.19)).
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Exercise 3.14. Let R be an ergodic p.m.p. equivalence relation. Prove that there exists an ergodic
hyperfinite p.m.p. subequivalence relation S C R.

Deduce that if I' is an infinite countable group, then for every ergodic p.m.p. action I' ~ (X, p),
there is an ergodic p.m.p. action Z ~ (X, ) such that R(Z ~ X) C R(I' ~ X).
3.2. Amenable equivalence relations.

Theorem 3.15 (Ornstein and Weiss, [OW80]). If " and A are infinite amenable groups, then any
ergodic p.m.p. actions of I' and A on non-atomic standard probability spaces are orbit equivalent.

Definition 3.16. A p.m.p. equivalence relation R on (X, i) is amenable if there is a sequence of
Borel functions &, : R — [0, 00) such that £F : [x]gr — [0, 00) given by &F(z) = &u(x, 2) satisfy

(1) €2 € (' ([z]r) and ||€Z|l1 = 1, for every x € X, and

(2) [|€2 — &)1 — 0, for all y € [z]g, for almost every z € X.
Lemma 3.17. IfI' ~ (X, u) is a p.m.p. action of a countable amenable group T', then R(I' ~ X)

1s an amenable p.m.p. equivalence relation.

Proof. By Theorem we can find a sequence of non-negative functions f, € ¢!(I') such that
I fnlli = 1, for all n, and lim,, o0 ||g - fr — fullt = 0, for all g € T'. Then it is easy to see that the
sequence of functions &, : R(I' ~ X) — [0, 00) given by

gel’, z=g-y
witnesses the amenability of R(I' ~ X). [

Exercise 3.18. Let I' ~ (X, u) be a free p.m.p. action of a countable group I'. Prove that if
R(I' ~ X) is an amenable p.m.p. equivalence relation, then I' is an amenable group.

Exercise 3.19. Let S C R be p.m.p. equivalence relations. Prove that if R is amenable, then S
is amenable.

Lemma 3.20. Let R be an amenable p.m.p. equivalence relation on (X,u). Then R|Y is an
amenable p.m.p. equivalence relation, for every Borel set’Y C X.

By Lemma [3.17], Theorem [3.15] follows by combining Theorem [2.3] with the next result.

Theorem 3.21 (Connes, Feldman and Weiss, [CEW81]). Any amenable p.m.p. equivalence relation
1s hyperfinite.

Theorem follows by combining the next three lemmas (3.22lI3.25/13.26)). We start with the

following key lemma:

Lemma 3.22. Let R be an amenable p.m.p. equivalence relation on (X, u). Then for every
01,...,0r € [[R]] and € > 0, there are a non-null Borel set Y C X and a finite p.m.p subequivalence
relation S C R|Y such that

p({x € Y Nndom(6;) | 0i(z) & [z]s}) <e-wY), for every 1 <i <k.

The following fact will be needed in the proof of Lemma [3.22

Exercise 3.23. Let R be a countable p.m.p. equivalence relation on (X, u). Prove that for every
Borel function £ : R — [0, 00) we have that

/(Z&wy)du /<Z§wy>du)

yElz|r z€lylr
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Proof of Lemma . For every 1 < i < k, let 51 € [R] extending 6;. Then it is enough to prove
the conclusion for 601, ..., 0 instead of 01, ..., 0. Thus, we may assume that 01, ...,0; € [R].

Let &, : R — [0, 00) be a sequence of Borel functions as in Definition (3.16[). Then er (@) —&*h — 0,
for all 1 < i < k and almost every z € X. Since Hgﬁ"(“ —&rh < 2, for all x € X, the dominated

convergence theorem implies that [y Hﬁa (@) — &8 dp(x) — 0, for every 1 <4 < k. Thus, there is
n > 1 such that £ := &, satisfies
k
(3.2) /X D 1IEHE — &)y dp(a) <e = /X 1€5 ] dp().
i=1

For y € X, let &, : [ylr — [0,00) be given by &, = &(z,y). By Exercise (3.23)), (3.2)) rewrites as

k
(3.3) /X D16y o0l ) < < /X 160 du(y).

Fory € X and t >0, let Al = {x € [y|r | €Y(x) > t}. By Exercise (3.3) rewrites as

(3.4) /X/O Zye (ADAALdt dp(y) < e // |AL| dt du(y).

By Fubini’s theorem we conclude that there is ¢ > 0 such that if A, := At then the Borel set

Z—{yeX\Zw A)NA| < e-]Ay)}

is non-null.

Let W C Z be a non-null Borel set such that A,N A, =0, forally # y' € W. Then Y := Uyew AY
is a non-null Borel set. We consider the p.m.p. equivalence relation S C R|Y whose classes are the
sets of the form A,, for some y € W. Since |4y| < ||&,]]1/t, for all y € X, we get that

[l auts) < ([ 16l dut) /e =1/t < o
and thus A, is finite for almost every y € X. This implies that & is a finite equivalence relation.

Finally, let 1 <i < k. Let + € Y and y € W such that 2 € A,. If 6;(z) ¢ [z]s, then = ¢ 0,1 (A,).
This implies that

w({z €Y | 0,(x) ¢ [1)s)) < / 14, \ 071 (4y)] duly) < e / A duly) =< u(Y),
w w
and finishes the proof. |

Exercise 3.24. Let (X, u) be a standard probability space, and 6 : X — X a Borel map such that
p({z € X | 6(x) # x}) > 0. Prove that there is a non-null Borel set A C X such that §(4)NA = (.

Lemma 3.25. Let R be an amenable p.m.p. equivalence relation on (X, ). Then for every
D1, -y 0k € [R] and e > 0, there is a finite p.m.p subequivalence relation T C R such that

p{z € X | gi(x) € [2]7}) < e, for every 1 <i < k.

Proof. We adapt an argument due to Popa (see the proof of [AP19, Theorem 11.1.17]). Let € > 0.
Let F the be set of all (necessarily countable) families {Y}};e; of non-null, pairwise disjoint Borel
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subsets of X for which we can find finite p.m.p. subequivalence relations S; C R|Yj, for every
J € J, such that denoting Z; = Uje;Y; and 71 = UjcsS; C R|Z; we have that

3:5)  w({z e Zi|wi(x) & [2ln) +p{z & Z1 [ wi(z) € Z1}) <e-pu(21), for every 1 <i < k.

Since R is amenable, Lemma|3.22| provides a non-null Borel set Y C X and finite p.m.p. equivalence
relation S C R|Y such that u({x € Y | pi(x) & [z]s}) <e/2- u(Y), for every 1 <1i < k. Since

n{z ¢ Y |pi(z) eY}) =p{z eV [pi(x) ¢ Y}) <p({z €Y | pi(z) € [z]s}) <e/2- u(Y),
we get that {Y'} € F, and thus F is non-empty.

By Zorn’s lemma, F admits a maximal element, {Y;};cs, with respect to inclusion. In order to
finish the proof, it suffices to argue that Z; := U;c;Y; C X is co-null.

Assuming otherwise, let Z = X \ Z;. Let 6; be the restriction of ¢; to Zﬂgp{l(Z), foralll < <k.
Since R|Z is amenable by Lemma by applying Lemma to 0%, ..., 92,[ € [[R|Z]] we find a
non-null Borel set Zy C Z and a finite p.m.p. equivalence relation 7o C R|Z2 such that

(3.6) p({z € Zyndom(6;) | 0(x) ¢ [2]5}) < (¢/2) - w(Zs), for every 6 € {67, ...,02:}.
By applying to 6; we get that
(37 wz e Z2| wi(z) € Z and pi(z) ¢ [z]7}) < (6/2) - u(Z2), for every 1 <i < k.
Moreover, we have that
0:({x € Z\ Zs | pi(z) € Za}) = {x € ZoNndom(0; 1) | 0, H(x) € Z\ Za}
C {z € Zyndom(9;") | 6, (x) ¢ [2]7:},

and since 6; is measure preserving, applying to 0, ! gives that
(3.8) p{z € Z\ Zy | pi(x) € Za}) < (g/2) - u(Za), for every 1 <i < k.
Next, we observe that {z € Z1 U Zy | ¢;(x) ¢ [z]7r;u7,} is a subset of

{reZi|pi(z) ¢lalntU{aé 21| pi(z) € Z1}U{z € Z3 | ¢i(z) € Z and ¢i(2) ¢ [2]7},
and that {x ¢ Z1 U Zs | pi(x) € Z1 U Zs} is a subset of

{z ¢ 21| pi(z) € Z1} Uz € Z\ 22 | pilx) € Za}.

In combination with and , we derive that for all 1 < ¢ < k we have

n{z € 21U Zy | pi(x) ¢ [zlrunt) + n({z ¢ 21U Za | pi(z) € Z1 U Za}) <e-p(Z1 U Za).
This contradicts the maximality of {Y}};c; and finishes the proof. [

Lemma 3.26. A countable p.m.p. equivalence relation R on (X, ) is hyperfinite if and only if for
every Y1, ..., pr € [R] and € > 0, we can find a finite subequivalence relation T C R such that

p{z € X [pi(z) ¢ [2lT}) <e, for every 1 <i < k.
Proof. The implication (=) is obvious. To prove the implication (<), we use Theorem to
write R = R(I' ~ X)), for some countable group I'. Enumerate I' = {¢,, }nen C [R].
By the hypothesis, for any k& € N, we can find a finite p.m.p. equivalence relation 7 C R such that
p({r € X | i(x) ¢ [z]7,}) < 1/2", for every 1 <i < k.
Then R, := ﬂkzn Tk, for n € N, is a finite p.m.p. equivalence relation such that R,, C R,11 and
u({z € X | gi(2) ¢ [elr,}) < /2, for every 1 < i <.

This inequality implies the existence of a co-null Borel set Y C X such that for every i € N, we have
@i(z) € [x]u, xRy for all x € Y. Thus, R|Y = UpenRy|Y, which implies that R is hyperfinite. W
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4. ORBIT EQUIVALENCE AND VON NEUMANN ALGEBRAS

The theory of orbit equivalence, initiated by H. Dye in [Dy59], was originally motivated by the the-
ory of von Neumann algebras [MvN36,/MvN43|. To explain this connection, we will start with a brief
introduction to von Neumann algebras, and refer the reader to [AP19,[I019] for more information.

4.1. von Neumann algebras basics.

Definition 4.1. A Hilbert space H is a vector space endowed with a scalar product (-,-) : HxH — C
such that (z,z) =0 = x =0 and H is complete with respect to the norm ||z| = \/(z, ).

Examples 4.2. (of Hilbert spaces):

C™, for n > 1, with the Euclidean scalar product ((z1, ..., Zpn), (Y1, --s Yn)) = T191+ ..+ TnYn.-
L?(X), for any measure space (X, 1), with the scalar product (f, g) = Jx fg du.

¢2(I), for any set I, with the scalar product (f,g) = Y icr f(@)g(i).

Every Hilbert space H has an orthonormal basis: a set {£;}icr such that (&;,&;) = &; ;, for
alli,j € I, and £ = Y, (&, &)&, for all £ € H. Consequenty, H is isomorphic to ¢2(I).

Definition 4.3. Let H be a Hilbert space. A map T : H — H is called linear if it satisfies
T(a& + bn) = aT'(§) + bT(n), for all a,b € C and {,n € H. A linear map T : H — H is called
bounded if ||T|| := sup{||T()| | [I€ll < 1} < oo. A linear bounded map T : H — H is called a
bounded (linear) operator. We denote by B(#) the algebra of all bounded operators T : H — H.

Exercise 4.4. Let T' € B(H). Prove that there exists a unique 7% € B(#H), called the adjoint of T,
such that (T¢,n) = (£, T*n), for all £, € H. Prove that ||T*|| = ||T|| and || T*T|| = ||T|>.

Definition 4.5. An operator T' € B(H) is called:

self-adjoint if T* =T

a projection if T = T* = T?.

a unitary if T*T =TT* = Idy.

an isometry if [|T¢|| = ||€]], for all £ € H, or equivalently 77" = Idy.

Remark 4.6. We denote by U(H) the group unitary operators T' € B(#H). A unitary representation
of a countable group I' on a Hilbert space H is a group homomorphism 7 : I' — U(H).

Definition 4.7. We consider the following topologies on B(H):

e the norm topology: T; — T iff | T; — T'|| — 0.
e the strong operator topology (SOT): T; — T ift | T;(&) — T(§)|| — 0, for all £ € H.
e the weak operator topology (WOT): T; — T iff (T;(§),n) — (T(§),n), for all &,n € H.

Definition 4.8. Let H be a Hilbert space.

e A subalgebra A C B(H) is called a x-algebra if T* € A, for every T € A.
e A x-subalgebra A C B(H) is called a C*-algebra if it closed in the norm topology.
e A x-subalgebra A C B(H) is called a von Neumann algebra if it is WOT-closed.

Definition 4.9. A map m : A — B between two C*-algebras is a x-homomorphism if it is a
homomorphism (7(a + b) = w(a) + 7(b), m(ab) = w(a)w(b), m(Aa) = An(a), for all a,b € A, A € C)
and satisfies m(a*) = 7(a)* for all a € A. A bijective *-homomorphism is called a x-isomorphism.

Examples 4.10. (of von Neumann algebras):

(1) B(#H), in particular M, (C) = B(C").
(2) L*°(X), for any standard probability space (X, ).
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(3) Let B C B(H) be a set such that T* € B, for every T' € B. Then the commutant of B,
defined as B' = {T € B(H) | T'S = ST, for every S € B} is a von Neumann algebra.

Surprisingly, the next theorem shows that every von Neumann algebra arises this way!

Theorem 4.11 (von Neumann’s bicommutant theorem). If M C B(H) is a unital *-subalgebra,
then the following three conditions are equivalent:

(1) M is WOT-closed.
(2) M is SOT-closed.
(3) M = M":= (M)

This is a beautiful result which asserts that for x-algebras, the analytic condition of being closed
in the WOT is equivalent to the algebraic condition of being equal to their double commutant.

Proposition 4.12. Let (X, u) be a standard probability space. Define m: L>°(X) — B(L?(X)) by
letting w¢(€) = f&, for all f € L(X) and § € L*(X). Then 7(L>®(X)) = n(L>(X)). Therefore,
7(L>®(X)) C B(L*(X)) is a mazimal abelian von Neumann subalgebra.

Proof. Let T € m(L*°(X))" and put g = T'(1). Then fg = n¢T(1) = Tm¢(1) = T(f) and hence
Ifglla = ITH)llz <ITI I f]l2, for every f e L=(X).

Let e > 0 and f = lyzex| |g(a)2|T|+e}- Then it is clear that || fgl2 > (||| +¢) f]l2- In combination
with the last inequality, we get that (||T']] + )| fll2 < [IT|||| fll2, and so f = 0, almost everywhere.
Thus, we conclude that g € L*(X). Since T'(f) = fg = my(f), for all f € L>°(X), and L>*(X) is
|.||2-dense in L?(X), it follows that T' = 7, € L>(X). [ |

4.2. The group measure space construction. Let I' ~ (X, 1) be a p.m.p. action of a countable
group I' on a standard probability space (X, u). Consider the Hilbert space H := L?(X) ® ¢*(T).
(If H1,Ho are Hilbert spaces, then tensor Hilbert space H; ® Hso is defined as the closure of the
algebraic tensor product Hi ®a1, Ho w.r.t. scalar product (§; ® &2, m @ m2) = (§1,m1) - (€2, m2))-

We define a unitary representation o : I' — U(L?(X)) by 0,(¢)(z) = £(g7 x), for all € € L3(X).
Then o,(L>*(X)) = L*>®(X), for all g € I". Further, we define a unitary representation u : I' — U(H)
and a x-homomorphism 7 : L (X) — B(#H) by letting
ug(§ @ 0p) = 04(§) @ dg-1p, and 7(f)(§ ® 0p) = fE @ Op.
We view L>*(X) C B(H), via w. Then it is easy to see that
ug fu, = og(f), for all g € T and every f € L*(X).

Definition 4.13. The group measure space von Neumann algebra L*°(X) x I' C B(H) is defined
as the WOT-closure of the linear span of { fu,|f € L>(X),g € I'}. We denote M := L>(X) x T

Proposition 4.14. The linear functional 7 : M — C given by 7(z) = (2(1 ® d¢), 1 ® d¢) is

(1) unital: 7(1) = 1.

(2) positive: T(a*a) >0, for every a € M.

(3) faithful: if T(a*a) =0, for some a € M, then a = 0.

(4) normal: T is WOT—continuous on (M)1 ={ae M| |a| <1}.
(5) a trace: T(ab) = 7(ba), for every a,b € M
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Proof. Tt is clear that 7 is unital and normal. Since 7(a*a) = (a*a(1®0d.),1®6.) = [la(1®5.)||*> > 0,
it is also positive. To see that 7 is faithful, let a € M such that 7(a*a) = 0 and thus a(1 ® d.) = 0.
Fix f € L>®(X) and g € I". Define p(f) € B(H) and vy € U(H) by letting p(f)(E®6p) = Eon(f)@0n
and vg(§ ®dp) = R 0pg. Then p(f), vy commute with 7(f), ug, for every f' € L(X) and ¢’ € T
This implies that p(f),vy € M’ and thus

a(f @ dg) = avgp(f)(1 @ be) = vgp(f)a(l ® de) = 0.
Since this holds for every f € L>°(X) and g € I', we get that a = 0 and hence 7 is faithful.
Finally, note that for all f € L*°(X) and g € I" we have that

(fug) = (fug(1 ®6.),1©80) = (f ©6,,1 @ 8,) = 59,6/)(;' d.

If fla f2 € LOO(X) and 91,92 € F, then flug1f2ugz = flagl (f2)uglg2 and f2ung1u92 = fQng (fl)ugzgl‘
Since 7(o4(f)) = 7(f), for all f € L>®(X) and g € I', we get that 7(fiug, foug,) = 7(foug, fiug,)-
This implies that 7 is a trace. |

Definition 4.15. A von Neumann algebra M is called tracial if it admits a unital, positive, faithful,
normal trace 7 : M — C.

Lemma 4.16. A p.m.p. action I ~ (X, i) is ergodic iff any function f € L?(X) which satisfies
that og(f) = f, for all g € T, is essentially constant.

Proof. (<) If Y is a [-invariant set, then f = 1y € L?(X) is a [-invariant function. Thus, there
is ¢ € C such that f =c. As f2 = f, we get that ¢ € {0,1}, hence pu(Y) = [, f du=c € {0,1}.

(=) Let f € L*(X) be a I'-invariant function. If f is not constant, then it admits at least two
distinct essential values z,w € C. Let 6 = |z —w|/2. Then Y = {x € X| |f(z) — 2| < 0} and
Z ={z € X| |f(z) —w| < d§} are disjoint, I'-invariant, measurable sets. Since p(Y) > 0 and
w(Z) > 0, we get a contradiction with the ergodicity of the action. |

Note that A := L*°(X) C M is an abelian von Neumann subalgebra.
Proposition 4.17. The following hold:

(1) If the action T' ~ (X, p) is free, then A C M is maximal abelian, i.e., AN M = A.
(2) If the action T ~ (X, ) is free and ergodic, then M is a factor, i.e., Z(M) := M'NM = C1.

Proof. (1) Assume that the action is free. Let a € A’N M and write a(l ® d¢) = 3_ cr ag ® dg,
where a, € L?(X). Fix f € L*>°(X) and define p(f) € B(H) by letting p(f)(£ ® 85) = Eon(f) @ Op.
Then p(f) € M" and thus we have

S fay@8, = n(fa(196,) = an(f)(185.) = a(f@3.) = ap(f)(185.) = p(fla185) = 3 oy(fag@d,

ger gel

Hence, fay, = 04(f)ag, for all f € L>®(X) and g € T'. Put Y, = {z € X|ayg(x) # 0}, for g # e.
From the last equality we get that f(g~'z) = f(z), for almost every x € Yy, for all f € L>®(X).
Since (X, u) is a standard probability space, we can find a sequence of measurable sets X,, C X,
which separate points in X. By applying the last identity to f = 1x,,, for all n > 1, we deduce that
gtz = x, for almost every x € Y,. Since the action is free, we get that u(Yy) = 0, hence a, = 0.
Since this holds for all g € I'\ {e}, we conclude that a € A.

(2) Since the action is free, (1) implies that Z(M) = {a € A | 04(a) = a,Vg € I'}. Since the action
is also ergodic, the conclusion follows from Lemma [ |
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4.3. Cartan subalgebras and orbit equivalence. If M is a tracial von Neumann algebra, then
a von Neumann subalgebra A C M is called a Cartan subalgebra if the following conditions hold:

(1) A is maximal abelian, i.e., AN M = A, and
(2) the linear span of the normalising group Ny (A) = {u € U(M) | uAu* = A} is WOT-dense
in M.

By Proposition (1), L*>(X) C L>®(X) x I' is a Cartan subalgebra, for any free p.m.p. action
I' ~ (X,p). It is a fundamental observation of Singer (1955) that the isomorphism class of the
Cartan inclusion L>®(X) C L>®(X) x I' captures exactly the orbit equivalence class of the action
L' (X, p).

Proposition 4.18 (Singer, [Si55]). IfI' ~ (X, ) and A ~ (Y,v) are free p.m.p. actions, then the
following conditions are equivalent:

(1) There exists a *-isomorphism 7 : L>(X) xI' — L>(Y) x A such that 7(L>°(X)) = L>®(Y).
(2) The actions T' ~ (X, 1) and A ~ (Y,v) are orbit equivalent.

Proof. We will only sketch the proof of the implication (2) = (1) and refer the reader to |[AP19,
Chapter 12] and [Io19) Section 12] for the reverse implication.

Denote A = L>®(X),B=L>*(Y),M = L>®°(X)xTand N = L>®(Y) x A. Let 0 : (X,p) — (Y,v)
be a measure space isomorphism such that 6(I' - z) = A - 6(x), for almost every x € X. Define
a *-isomorphism 7 : A — B by letting 7(a) = a o #~!. Our goal is to show that 7 extends to a
x-isomorphism 7 : M — N.

To this end, fix g € . Then (fog ' o6 1)(y) € A-y, for almost every y € Y. For h € A, put
Yorn={yeY |(@ogtod ) (y)=h1 y} Then {Y,s}nen is a measurable partition of Y. Since
Rt Y, ={yeY |(@ogod)(y) =h-y}, we also have that {h™! - Y, s }nea is a measurable
partition of Y. Using these facts, one checks that m(ug) = 3,5 1y, ,un defines a unitary in N.

We define U : L?(X) ® 2(T') — L*(Y) ® £2(A) by letting
Ula®d4) = Z(a o 9_1)1yg,h ® dp, for every g € I
heA
Then U gives a well-defined unitary operator. We leave it as an exercise to check that

Ulaug (b® 6)) = m(a)m(ug) U(b® &), for every a,b € A and g,h €T

Thus, UaugU* = m(a)m(ugy), for all a € A and g € I'. Since the linear span of {auy |a € A, g € '}
is WOT-dense in M, we deduce that UMU* C N. Hence, the *-isomorphism 7 : A — B extends
to a x-homomorphism 7 : M — N given by w(T) = UTU*. We leave it as exercise to check that
m(M) = N, and thus 7 is the desired *-isomorphism. [

5. NON-ORBIT EQUIVALENT ACTIONS: FREE GROUPS OF DIFFERENT RANKS

Theorem 5.1 (Gaboriau, [Ga00,|Ga02]). If 2 < m # n < oo, then any two free ergodic p.m.p.
actions Fpy ~ (X, ) and Fp, ~ (Y, v) are not orbit equivalent.

The original proof of this theorem [Ga00| uses the notion of cost of p.m.p. equivalence relations
introduced by Levitt and developed extensively by Gaboriau (see Definition [5.2)). In [Ga02], Gabo-
riau gave a new proof of this result based on his notion of ¢?-Betti numbers of p.m.p. equivalence
relations. Here we reproduce a proof of this theorem presented in |[AP19, Section 18.3] due to Vaes,
itself a version in the spirit of operator algebras of a previous proof by Gaboriau. This relies on
showing that the cost of the orbit equivalence relation of any free ergodic p.m.p. action of F,, is
exactly m.
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Definition 5.2. Let R be a countable p.m.p. equivalence relation on (X, u). A graphing for
R is a countable collection G = (¢g) C [[R]] such that R is the smallest equivalence relation
containing (x, pr(x)), for every x € dom(py) and k. The cost of a graphing G of R is defined by
cost(R) := >, p(dom(gy)). The cost of R is defined by cost(R) := inf{cost(G) | G graphing of R}.

Theorem 5.3 (Gaboriau, [Ga00]). Let ' ~ (X, u) be a free ergodic p.m.p. action of I' = F,.
Then the cost of the orbit equivalence relation R := R(I' ~ X)) is equal to m.

Proof of Theorem . Let ay, ..., an, be free generators of I'. Then (a;)", is a graphing of R of cost
m. Thus, we have to show that if G = (¢) is any graphing of R, then cost(G) > m. By restricting
¢k if necessary, we may assume that for every k, there is g € I" such that ¢i(x) = gi - x, for every
x € dom(pg). Moreover, we may assume that there are only finitely many pg’s, say ¢1,..., oN-
(This requires an argument, which we leave as an exercise).

Denote M = L*>(X) x I' and let (ug)ger C U(M) be the canonical unitaries. Let ay,...,an € I' be
free generators. We consider the space of 1-cocycles

ZYT,M) = {c:T = M | c(gh) = uge(h) + c(g), for all g,h € T'}.

Notice that Z'(I', M) is a right M-module. Since every cocycle ¢ : I' — M is uniquely determined
the by the values c(a1), ..., ¢(am,) we have an isomorphism of right M-modules ® : M®= — ZY(T', M)
given by ®(z1, ..., x,,) is the unique cocycle ¢ : I' — M such that c(a1) = x1, ..., c(am) = T

For every k, let py = 14, 4, and note that p, € L°°(X) C M is a projection.
We define a right M-modular map W : ZI(F, M) — BrpeM by letting U(c) = Brprc(gr). We claim

that W is injective. To prove the claim, let ¢ : T' — M be a cocycle such that pic(gr) = 0, for all k.
Then for every ki, .., k, we have that (py, o (gkl...gkl_l)*l)ugkl...ugkl_lc(gkl) = 0 and thus

Pry (Phs © G, ) (P © (G -G —1) )Gy -G

(5.1) - _ _
= [k (Phs © 9, ) - (Pho © (Ghr Gk 1) )]tgy, gy, clgr,) =0
=1

We are now ready to show that if g € I', then ¢(g) = 0. Let A C X be a non-null measurable
set. Then we can find a non-null measurable subset B C A and k1, .., k, such that B is contained
in the domain of ¢, o...0 ¢y, and gz = (pg, © ... 0 pg,)(z), for all x € B. Equivalently
1p < (1a,, © (9ks---k,))--(La, | © Gk, )1a,, and g = gy, ...gk,. Thus, we have

—1
]-gB == 1gk1"'gk‘nB - ]'B © (gklgkn)

< (Lay, © gi,)e(Lay, © (Ghy--9k,) ")
= pkl"'(pkn © (gkl"'gkn—l)_l)'

This and (5.1) imply that 1,5c(9) = 14Bc(91---9x) = 1¢BDk,---(Pk, © (gkl...gknfl)_l)c(gl...gk) = 0.
Thus, for every non-null set A we can find a non-null subset B such that 1,pc(g) = 0. This implies
that ¢(g) = 0. Since g € I is arbitrary, we derive that ¢ = 0 and thus W is injective.

Therefore, ¥ o ® : MP" — @ppiM is a right M-modular injective map. By using Theorem
below, we conclude that m <>, 7(pr) = D> p(Ax)- [ ]

Theorem 5.4. Let (M, ) be a tracial von Neumann and {p;}icr, {q;}jcs be projections in M.
Assume that there exists a right M-modular linear injective map T : ®;p; M — ®jq; M.

Then Y icr (pi) < Y ey 7(4)-
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For a proof of this theorem, see [I019, Theorem 10.21].

Proof of Theorem [5.1 If two free ergodic p.m.p. actions F,, ~ (X, n) and F, ~ (Y,v) are orbit
equivalent, then the orbit equivalence relations R(F,, ~ X) and R(F, ~ Y) are isomorphic. Thus,
they have the same cost, and therefore m = n by Theorem [5.3 |

6. NON-ORBIT EQUIVALENT ACTIONS OF NON-AMENABLE GROUPS (INCOMPLETE SECTION)

6.1. Overview. By Ornstein and Weiss’ Theorem [3.15] any infinite amenable group I" has only one
free ergodic p.m.p. action up to orbit equivalence. On the other hand, Connes and Weiss [CW80]
showed (by using Schmidt’s notion of strong ergodicity [Sc80]) that any non-amenable group T’
without Kazhdan’s property (T) has at least two actions up to orbit equivalence. Moreover, in the
period 1980-2004, many groups were shown to have uncountably many such actions:

Theorem 6.1. The following countable groups admit uncountably many non-orbit equivalent free
ergodic p.m.p. actions:

(1) Bezuglyi-Golodets, [BG81]: McDuff’s (1969) continuum of groups.

(2) Gefter-Golodets, [GG89]: higher rank lattices.

(3) Hjorth, [Hj02|: any infinite group with Kazhdan’s property (T)

(4) Monod-Shalom, [MS02|: F,, x F,, for any m,n > 2; more generally, any direct product of
non-elementarily hyperbolic groups.

(5) Gaboriau-Popa, [GPO3|: F,,, for any m > 2.

(6) Popa, [Po04]: any group admitting an infinite normal subgroup with relative property (T).

(7) loana, [Io04]: any direct product I'y x T'a, with T'y infinite amenable and T'y non-amenable.

From these, we highlight the following key advance:

Theorem 6.2 (Gaboriau-Popa, [GP03]). The free group F,,, has uncountably many pairwise non-
orbit equivalent free ergodic p.m.p. actions, for any m > 2.

The proof of Theorem uses a separability argument in combination with Popa’s influential
notion of rigid actions, which we discuss in the next section. To outline the strategy of the proof,
assume that Fg = (a,b,c) ~n* (X, p) is a free ergodic p.m.p. action whose restriction to Fo = (a, b)
is ergodic and rigid and restriction to Z = (c) is ergodic. Examples of such actions are provided by
the restriction of the natural action SLa(Z) ~ (T2, A\?) to any subgroup isomorphic to Fs.

Dye’s theorem gives a free p.m.p. action ®&nZ/2Z ~ (X, u) with R(Z ~ X) = R(®NZ/2Z ~ X).
If I C N, by applying Dye’s theorem again, we can find a free p.m.p. action Z ~1 (X, u) such
that R(Z ~P1 X) = R(®1Z/27 ~ X). Define a free ergodic p.m.p. action F3 ~* (X, pu) by
letting ayjp, = a and ayz = Br. Then R(F3 ~*7 X) C R(F3 ~*7 X) C R(F3 ~* X), for all
I C J C N. Using that ap, is rigid, Gaboriau and Popa prove that for any infinite set I C N, the
set {J C N | ay is orbit equivalent to a;} is countable. Thus, uncountably many of the actions
{as | I C N} are pairwise not orbit equivalent.

6.2. Property (T). Let I be a countable group and I'y be a subgroup of I".

Definition 6.3. A unitary representation 7 : I' — U(H) of I" on a Hilbert space H is said to have
almost invariant vectors if there is a sequence of vectors &, € H such that |&,] = 1, for every n,
and [|7(g)&n — &nll — 0, for every g € T
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Definition 6.4. The group I' has property (T) (of Kazhdan) if for any unitary representation
7w : ' = U(H) with almost invariant vectors there is a non-zero 7 (I')-invariant vector.

The inclusion I'y < I' (or pair (I',I'g)) has relative property (T) (of Kazhdan-Margulis) if for any
unitary representation m : I' — U(H) with almost invariant vectors there is a non-zero w(I'g)-
invariant vector.

Example 6.5. SL,(Z), for n > 3, has property (T) [Ka67], and the inclusion Z? < Z? x SLy(Z)
has relative property (T) [Ka67,Ma82|. Here, SL2(Z) acts on Z? by matrix multiplication.
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